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New Implicit Boundary Procedures—Theory and Applications
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New implicit boundary procedures are presented for the Euler equations. These procedures use the theory of
characteristics to update boundary points and are spatially second-order accurate. The boundary-point treatment
presented is applicable to implicit schemes that employ approximate factorization, for example, the Beam-Warm-
ing scheme, and it differs from existing implicit inviscid boundary conditions in the following ways: 1) the boundary
information is not used in a factored form, and 2) only one of the implicit inversion operators needs to be modified
at the boundary. These differences result in a boundary procedure that is easy to incorporate in existing codes;
they also result in small post-update corrections to the calculated boundary values. Demonstration calculations
include flows over a cone and over a finned projectile. Significant increases in convergence rates are demonstrated

for the conical flow solutions.

Introduction

HE increased use of implicit schemes for the solution of

the Euler and Reynolds-averaged, Navier-Stokes equa-
tions has generated considerable interest in the development
of stable, accurate, implicit boundary condition procedures.
The application of viscous boundary conditions at the surface
of a body in an implicit manner is a straightforward proce-
dure. However, the application of accurate implicit boundary
conditions for inviscid flows requires more detailed analysis.
In the present paper, both the shock and body boundary
conditions for inviscid flow are addressed.

In a recent paper, Chakravarthy! discussed in detail an
approach based on the theory of characteristics to implement
inviscid boundary conditions implicitly. The convergence rates
were. accelerated by an order of magnitude with the new
boundary conditions (relative to explicit boundary conditions).
The results in Ref. 1 are promising and warrant further
investigation of implicit boundary procedures. The method
discussed in this paper follows that of Ref. 1 very closely
insofar as the theory of characteristics is used to update
boundary points. However, the present method is different in
two ways: 1) the method in which the approximate factoriza-
tion is employed at the boundary, and 2) the manner in which
the boundary information (surface tangency, Rankine-
Hugoniot jump conditions, etc.) is included. It should be
noted, however, that in one dimension the two methods are
identical.

The main advantages of using the present approach are that
the incorporation of boundary conditions is simple, and linear
boundary conditions are satisfied identically. Thus, the magni-
tudes of post-update corrections to the boundary points in a
nonlinear case can be expected to be small. A disadvantage of
the present scheme is that adjacent boundaries cannot be
treated using the characteristic approach. However, in many
problems the boundaries that need to be updated using char-
acteristics (i.e., the shock and body) are not adjacent but are
opposite to each other and, hence, can be solved using the
present method.
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This paper also discusses some of the details that need to be
addressed in the case of moving boundaries; for example,
shocks. The number of unknowns at a moving boundary is
greater than the number of dependent variables. The addi-
tional unknowns result from the motion of the boundary. The
correct treatment of all the unknowns is crucial in obtaining
time-accurate results.

The current implicit boundary procedure has been incorpo-
rated into an existing parabolized Navier-Stokes (PNS) code.?
Substantial decreases in convergence times for the calculation
of conical flowfields are demonstrated. The paper also in-
cludes results obtained with the new PNS code for supersonic
viscous flow over a finned projectile.

Boundary Procedure

To describe the procedure, consider the unsteady Euler
equations in two dimensions,

Q,+E.+F,=0 1)
where
P pu pv
u + pu’ w
0= P _| PpTe F= P 1@
pv puv p+pv
e (e+p)u (e+p)v

and p is the density; p the pressure; u and v the velocities in
the x and y directions, respectively; and e the total energy
per unit volume. Applying the independent-variable trans-
formation

t=t,  £={(x,p,1), a=n(x,y,6) (3)
to Eq. (1) yields
0, +E+E=0 (4)
where
0=0/7

E=[tQ+&EE+EF| /1
F=[nQ+n.E+u,F|/]
J=tm,~n.k, ©)
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Fig. 1 Physical domain for the cylinder in a supersonic freestream.

Let the Jacobian matrices A and B be defined as
JE

1‘i‘=‘@, E=@ (6)

Consider a constant 1 boundary surface such that the region
of interest lies above this boundary (e.g., the body surface in
Fig. 1). At any point along this boundary only forward
differences, i.c., into the flowfield, are available in the 7
direction. Both backward and forward differences are possible
in the ¢ direction. Hence, the £ derivatives in Eq. (4) can be
approximated easily using conventional central differences.
Let L be the matrix of left eigenvectors of B,

L=|% (1)

The necessary form of the compatibility equations is obtained
by multiplying Eq. (4) by ¢;, e,, etc., and, in a compact form,
can be written as

L(@.+ Bt F) =0 ®

Details regarding the derivation of the compatibility equations
and the matrix L are given in Refs. 1 and 3. The finite
difference form of Eq. (8), using the Beam-Warming lineariza-
tion,* is given by

L"[I+Ar8, A"+ A18,B"| AQ = —ArL"[8,E"+8,F"] (9)

where n is the index in the 7 direction. The implicit and
explicit smoothing terms have been left out of Eq. (9) for the
sake of simplicity. The derivations that follow remain un-
changed except for the addition of the smoothing terms.

Some of the eigenvectors in L correspond to positive eigen-
values of B, and, since these eigenvectors represent informa-
tion coming into the region of interest from the boundary, the
corresponding compatibility equations are not valid at the
boundary in question. Denote L, as

€;

Ly=| 7" (10)

L 0
where e, - - - e, are the eigenvectors that correspond to the
negative eigenvalues of B. Let the boundary conditions be
given by -

B(Q)=0 i=p+1,..,4 11)
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Equation (11) may represent surface tangency or the
Rankine-Hugoniot jump conditions for example. Linearizing
Eq. (11) with respect to Q, the following is obtained:

dB; , .
@AQ =0 (12)
To illustrate the linearization process, consider the
Rankine-Hugoniot (R-H) jump conditions, which are applied
across a shock, and for the region in Fig. 1 are given by

1(Q— Q)+ (E~Eg) +u,(F-F)=0 (13)

where the subscript oo indicates conditions on the freestream
side of the shock. Equation (13) is a vector equation compris-
ing four scalar equations. Assuming that the metrics of the
transformation are constant over the integration step (except
for 7,, which is a measure of the shock speed), Eq. (13) can be
linearized as

(Q—Qw)"An,+(n,I+nxg—g+ny—gg)AQ=0 (14)

or
(0—0,)" &, +B"A0=0 (15)

Equation (15) is a_system of four equations with five un-
knowns (An, and AQ) and can be reduced to a system of
three equations and four unknowns (AQ alone) by simple
algebraic manipulation. The unknown Aw, is removed from
Eq. (15) in order that the linearized R-H equations can be
incorporated into Eq. (9). The removal of the unknown Any,
from Eq. (15) will result in a system of equations of the form
given in Eq. (12). Let L, be given by

L=L,+| 33 (16)

o5,
7

The compatibility equations, which are not valid at the
boundary, must be replaced with the pertinent boundary
information. To do this, L is replaced with L, and L, in Eq.
(9) in the following manner:

[ L7+ ArL3 8,47+ ArL38,B"] AQ = — ArL3[ 8, E" + 8, F"]
(17)

yielding the appropriate system of equations to be solved at
the boundary. Note that Eq. (17) is merely a combination of
Eq. (12) and the appropriate compatibility equations of Eq.
(9). Equation (17) is not in a factored form and is, hence,
extremely time consuming to.solve.

To overcome this problem, the approach taken in Ref. 1
was to multiply Eq. (17) by L;’ and factor the left-hand side
of the resulting equation to yield

(1+8r(Ly)~"Lao A")(1+ Ar(L]) " L38,B") AD

= —ar(L)) 'Li(8,En +8,F) (18)
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In contrast, the boundary conditions that are developed in this
study take the final form of

(Ly+ArL18,B") AQ
= —ArLy(1+Ard, A7) ' (8,Em+6,F") (19)

Equation (19) is obtained by taking the factored form of the
Euler equations (i.e., before they are multiplied by L), carry-
ing out the first inversion, and then multiplying these resulting
equations by the appropriate eigenvectors. The linearized
boundary information is then included to yield Eq. 19). The
terms 8, B” and §, F" in Eq. (19) are evaluated using either
three- pomt backward or forward differences, depending on
whether the boundary is an upper or lower boundary. This
differencing maintains second-order accuracy in the spatial
direction. The use of the three-point, one-sided difference in
evaluating &, B" destroys the block-tridiagonal nature of the
matrices involved. However, this desirable block-tridiagonal
property is restored by using simple algebraic manipulation.

Equation (19) is not strictly characteristic in nature in the
sense of Eq. (17), because the multiplication by the eigenvec-
tors is carried out after the first inversion. The error that is
introduced by using Eq. (19) instead of Eq. (17) can be shown
to be of the same order as the truncation error of the
first-order-accurate Beam-Warming scheme (i.e., in the march-
ing direction). This allows the more convenient form of the
equations to be used at the boundaries without degrading the
accuracy of the solution. The details of this proof are given in
Ref. 5.

Since the first inversion in Eq. (19), (1 + A6, Amy~! (6 E"
+8, Fmy, is performed without any regard to the fact that the
pomt in question is a boundary point, the present method can
be implemented in existing Euler, Navier-Stokes, and PNS
codes with minor modifications to these codes. In contrast, the
boundary procedure used in Ref. 1 requires the calculation of
modified inversion operators in both the § and 5 directions,
instead of in the 5 direction alone. Also, since the boundary
information is incorporated after the first inversion, this in-
formation will not be contaminated by the approximate fac-
torization error. As a result, linear boundary conditions will
be satisfied exactly, and the post-update corrections to the
boundary points in a nonlinear case can be expected to be
small in magnitude. In fact, it was found that post-update
corrections were not required for the cases that have been
calculated so far.

In order to obtain accurate results at large Courant num-
bers, with the implicit boundary conditions described above, it
is important to treat the metrics of the transformation im-
plicitly. To illustrate this aspect of the boundary procedure we
consider the two-dimensional problem of a cylinder in a
supersonic freestream with the associated detached bow shock
(see Fig. 1). The bow shock is used as a boundary of the
computational plane, and the grid is generated by drawing
straight-line rays from the center of the cylinder and placing
points equidistantly along each ray. The Rankine-Hugoniot
jump conditions are given by Eq. (13). For this problem it has
been shown that only the compatibility equation correspond-
ing to the positive eigenvalue

1

}\=n,+unx+vn}.+c(ni+n§,)z

is valid at the shock. Since the shock is moving, the metrics are
also unknown at the new time level; hence, six new unknowns
are introduced. They are x_, y,, X¢, e, X 1> Vg Since the R-H
conditions and the compatibility equation together only fur-
nish a total of five equations, five additional equations are
required to solve for the 10 unknowns (4 flow and 6 geomet-
ric). These additional equations are obtamed from geometric
considerations.
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Assuming that the shock moves along the fixed rays, it can
be shown that

xp !t sind +yrt! cosd =0 (20)

T, jmax

and, assuming the grid is regenerated so that the points are
always placed equidistantly along the rays, it is possible to
write

n+1 =x" + A,TanrI

Ni, jmax i, jmax NTi, jmax

=xp ot [Amtl | flymax— 11 (2)

N, jmax

where i and j are the indices in the £ and n directions,
respectively, and jmax is the number of }:)omts in the ¢
direction. The calculation of x"*fn and p/°" - is not quite as
simple, because if we were to write

n+l . .n n+1
xfi,Jmax 'xgi,jmax + ATxffi,jmax

= xgi,jmax + AT[ x:i-:ll‘jmax - x"’"tfll.jmax]/2 (22)

(using a conventional central difference to calculate the £
derivatives), there would be a coupling in the § direction that
would not allow the use of the factored form of the governing
differential equatlons However, as a first approximation, x”*’
can be replaced by x in Eq. (22). Expressions similar to Eqs
(21) and (22) can be obtained for ot and yt, thus
resulting in a total of five geometric constraints.

Similar considerations apply at a body surface except that
the calculation of x7*/ and y/*' is trivial since they do not
vary in time (statlonary body). Equations (21) and (22) supply
the required amount of information to make the problem
determinate.

If only the time-asymptotic solution is required, the values
of the metrics can be set to their values at time level n with no
loss in accuracy. Thus, the above procedure for calculating the
metrics used in the R-H conditions and the relevant compati-
bility equations is required only for solutions that need to be
accurate in the marching direction. Equation (21) was ob-
tained by making the assumption that the grid is regenerated
so that the points are always placed equidistantly along the
straight-line rays. In the general case, when the grid lines are
curved and the points are not equidistant, the information
pertaining to how the grid is regenerated will have to be
incorporated in the boundary procedure.

Extension to Three Spatial Dimensions

- In three spatial dimensions the unsteady Euler equations
are given by

Q.+ E;+ F+G=0 (23)
where
0=09/J
=[£Q+£ E+§,F+EG| /T
=[nQ+n.E+n,F+0G|/J
=[§0+LE+S F+EG| /T
T=E(n,8: = n.8) + £, (5= ) +E(n 8~ nd,)

(24)
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and
[ p [ pu
pu p+pu"
Q=] pv E= puv
pw puw
| e [ (e+p)u
[ oo [ ow
puv puw
F=| p+pv’ G= pow (25)
pow p+pw3
| (etp)v | (e+p)w

Proceeding as before we obtain the boundary equations

[Ly+ArL58,C"| AQ = —ArLy[1+A78,B"]

X[1+ar8,4"] "' [8,E" +8,F"+8,G"] (26)

where 4, B, and C are the Jacobian matrices and L, and L,
are defined in a manner similar to that in Egs. (10) and (16),
with L as the matrix of left eigenvectors of C. It is assumed
that the boundaries are constant { surfaces.

The three-dimensional steady Euler equations are given by

E;+F+G=0 (27)

For streamwise space-marching procedures such as the PNS
code, the equation corresponding to Eq. (26) takes the form

[L7+'A5L;(/f")"8§c""] A
= —agLa[ A"+ ag8, B 7 [8,F7 +8,G7] (28)

where A, B, and C are the Jacobian matrices, n is the index
in the £ or marching direction, and L; and L, are defined as
in Egs. (10) and §1~6) but with L as the matrix of left
cigenvectors of A~ 'C. It can be shown that the error intro-
duced by using Egs. (26) and (28) instead of the unfactored
forms of these equations [corresponding to Eq. (17)] is of the
same magnitude as the truncation error of the integration
scheme. The proof is similar to the one given in Ref. 5.

Results

The implicit boundary procedures described above [Eq.
(28)] have been incorporated into a current PNS code at the
shock and body surfaces. This gives the code the additional
capability to operate implicitly in either the viscous or inviscid
mode. In the inviscid mode, both the body and the shock are
treated using the implicit scheme developed in this paper. In
the viscous mode, only the shock is treated with the present
scheme (the shock is assumed to lie in the inviscid region). The
dependent variables at the body are updated using a standard
implicit viscous boundary condition.® The code also has the
additional option of using cylindrical or Cartesian base coor-
dinate systems as frames of reference for calculations. Conical
solutions are obtained by using the code in a step-back mode
where the solution is marched forward through one spatial
step and then stepped back by making use of the conical flow
assumption.” The remainder of this section presents results
that exercise these new options.

Conical Flows

To test the new implicit shock-fitting and body-surface
routines, a simple supersonic cone flow was chosen. It con-
sisted of a M, =4 inviscid flow past a 5-deg cone at 0-deg
angle of attack. Three points in the circamferential direction
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Fig. 2 Convergence rate for inviscid supersonic flow over a cone.
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Fig. 3 Finned projectile geometry.

and 23 equispaced points in the radial direction were used for
the calculation, together with the cylindrical coordinate sys-
tem option. (The cylindrical coordinate system option requires
the use of only three points in the circumferential direction for
axisymmetric cases, whereas the Cartesian formulation re-
quires a minimum of 19 points to resolve the metrics correctly.)
The advantage in using the new implicit shock and body
boundary conditions is evident from Fig. 2, in which iterations
to convergence vs Courant number v are presented. The
method with explicit boundary conditions was stable only for
Courant numbers less than 0.7 and needs approximately 525
steps for convergence at this value of ». At a Courant number
of 62.6 only 11 steps were required for convergence. The use
of the implicit boundary conditions resulted in the solution
converging 48 times faster. The error in the surface density
was less than 0.5% at all values of ». For this case it was not
possible to use values of » larger than 62.6, because the step
size was so large that the first plane of data (required for the
step-back procedure) fell upstream of the cone. This problem
does not occur in time-dependent calculations.

A peculiarity of using the space-marching technique in
conjunction with the strong conservation-law form of the
equations in solving conical flow problems is that AQ does
not approach zero as the solution converges. Instead, AQ
approaches an asymptotic value. It can be shown that AQ
varies as a quadratic function of the marching distance x for a
Cartesian coordinate system (x, y, z) and varies linearly with
x for a cylindrical coordinate system (for conical-flow prob-
lems). Since the integration scheme used is first-order accurate
in the marching direction, it is important to use cylindrical
coordinates in order to obtain accurate solutions with the
conical step-back procedure.

With the use of cylindrical coordinates, it can be shown, in
the asymptotic limit, that the factorization error is zero for the
axisymmetric case. Hence, to test the implicit boundary condi-
tions further (for cases with nonzero factorization error),
another example case was solved. It consisted of M =3
inviscid flow past a 15-deg cone at 10-deg incidence. Figure 2
shows iterations to convergence vs » for this case. An acceler-
ation factor of 26 was obtained for » = 23.3 (compared with
v =0.7). Unlike the a = 0-deg case, the error increased with
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Fig. 4 Typical computational meshes in the region of the fin.

increasing ». This is because AQ is not zero at convergence;
hence, the factorization error is also nonzero. This problem
will not occur for time-dependent calculations since the
Jacobian of the transformation, and, hence, Q, approach
asymptotic limits at convergence. The solution process became
unstable for values of » greater than 30. However, in order to
limit the error in the solution, it was found necessary to limit »
to values less than 12. At a Courant number of 11.8 the
acceleration factor is about 18 when compared with the con-
vergence-rate at » =0.7, and the error in the surface density
on the windward side is 1.1%.

Finned-Projectile Calculation

To substantiate the accuracy and stability of the shock-fit-
ting option in the marching mode, the viscous hypersonic flow
over a generic maneuvering re-entry vehicle was calculated.
The results of this validation study can be found in Ref. 5.
With the new capabilities and modifications fully tested, the
PNS code was used to determine the viscous supersonic flow
over a complex configuration. The configuration geometry
consisted of a thick-finned projectile (Fig, 3). The freestream
conditions were M_ =4, a turbulent boundary layer with
Re/L=10%/in., T, = 100°R, T, = 540°R, and a =0 and 2
deg. Forty-five grid points were stretched in the radial direc-
tion, and 117 grid points were distributed in the circumferen-
tial direction. The starting solution at x =2.0 in. was gener-
ated with the PNS code using the conical step-back procedure
described earlier. The comical starting solution was then
marched over the cone-cylinder portion of the projectile to
x =13.55 in. (which is just in front of the fins).

The grids used to calculate the flow over the finned portion
of the projectile were generated using an elliptic grid generator
similar to the one developed in Ref. 8. This procedure fur-
nishes both spacing and angular control of the grid lines as
they approach the boundaries of the domain such as the body

M_=4, a=0°, TURBULENT, T, =540°R

o0

3
& x, in. = 14.35
w
[+ 4
2
2
w
4
£
w
Q
4
&
-4
2
¢, deg =90 80 20 90
L R P | 1 !
0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 3.2

CIRCUMFERENTIAL ARC LENGTH, §, in.

Fig. 5 Circumferential surface-pressure distributions on the finned
part of the projectile.

and the shock. Figures 4a-e show representative grids at
various streamwise x locations. The n = const grid lines inter-
sect the body orthogonally. This is important for the accurate
implementation of the viscous surface boundary conditions.
The solution at x = 13.55 in. was then marched to the end of
the projectile, using the type of grids shown in Figs. 4a-e.
Figures 5-8 show the results obtained for a = 0 deg. Figure
5 shows the circumferential pressure distribution at various x
stations. Because of symmetry only one quadrant is shown in
the figure. Each curve represents the variation of the surface
pressure as a function of the circumferential arc length. As the
fins start to protrude into the flowfields, the flow is com- -
pressed and fin shocks form. The compressing of the flow



AUGUST 1984

M_ =4,2=0° AND A TURBULENT Rg/L = 108/in.
x=17.05 in.
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Fig. 6 Velocity vectors in the cross-flow plane at an x = 17.05 in. for
M, =4, o= 0 deg, and a turbulent Re /L = 105 /in.
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Fig. 7 Velocity vectors in the cross-flow plane at an x = 17.05 in. for
M, =4, a=0 deg, and a turbulent Re /L = 10°/in.

M, =4,a=0" AND A TURBULENT Rg/L = 108/in.
x =17.05in.
3.0 T T T T T

i
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Fig. 8 Density contours in the cross-flow plane at an x = 17.05 in. for
M, =4, a=0 deg, and a turbulent Re /L =10 /in.
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M, =4, a=2° AND A TURBULENT R/t = 108/in.
x=17.08in.

Fig. 9 Velocity vectors in the cross-flow plane at an x = 17.05 in. for
M,, =4, o= 2 deg, and a turbulent Re /L =10°/in.

M_, =4, a=2° AND A TURBULENT Rg/L = 108/in.
x=17.05in.

Fig. 10 Density contours in the cross-flow plane at an x= 17.05 in.
for M, =4, a =2 deg, and a turbulent Re /L = 10%/in.

caused by the fins is seen in Fig. 5 as high-pressure spikes. A
strong cross-flow separation at x = 17.05 in. is evident in Figs.
6 and 7, which are cross-flow velocity vector plots. The separa-
tion occurs all the way from the 45-deg symmetry line to a
point close to the tip of the fin. In these figures, the fin shock
can also be seen as a sharp transition in the velocity direction
just above the fin. Figure 8 shows the density contours at
x=17.05 in. The highly clustered, constant-density contours
just above the fin represent the fin shock.
" Figures 9 and 10 show results for the finned portion of the
projectile for an angle of attack of 2 deg. Figure 9 is a
cross-flow velocity vector plot at x =17.05 in. The flow is no
longer symmetric about the central fin, as it was for the
a = 0-deg case. The fin shocks caused by the lower and central
fins can be seen in this figure but the shock caused by the
upper fin is not easily observable because it is much weaker
than the other two shocks. The cross-flow separation region is
much larger for the a =2-deg case than for the a=0-deg
case. Figure 10 shows the density contours at x =17.05 in. It
can be seen clearly from this figure that the shock caused by
the upper fin is weaker than the shocks caused by the other
fins.

The implicit shock procedure facilitated the finned pro-
jectile calculation in two ways. First, the conical starting
solution used for the calculation was generated in 150 iter-
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ations instead of 2400 iterations (the number of steps required
for convergence with the explicit shock-fitting routine). Sec-
ond, the marching step size did not have to be monitored
constantly. With the explicit shock procedure, the marching
step size has to be checked at every step and reduced whenever
the CFL number at the shock approaches 0.7. These abrupt
changes in step size usually have a detrimental effect on the
accuracy of the calculation. While accuracy considerations
usually require the use of small marching steps (resulting in
shock CFL numbers between 0.1 and 2.0 and, consequently,
not making maximum use of the implicit shock procedure),
approximate initial solutions in a design environment can be
obtained very rapidly by taking large step sizes with the help
of implicit boundary procedures.

Conclusions

A new implicit boundary procedure for the inviscid equa-
tions of motion has been developed. The procedure uses the
theory of characteristics to update boundary points, is spa-
tially second-order accurate, and is simple to incorporate into
existing codes. The boundary information is brought in so that
it is not affected by the approximate factorization. This results
in more accurate calculations. The boundary scheme has been
incorporated into an existing PNS code at the body and the
shock boundaries, thus giving the code a totally implicit
inviscid capability. The results presented in this paper have
been obtained with the Beam-Warming scheme. The implicit
boundary procedure, however, can be used with other implicit
integration schemes like the split-flux scheme of Steger and
Warming® with minor modifications. The amount of computer
time required to incorporate the implicit boundary conditions
is a small fraction of the time required for one integration step
(less than 5%).

Results demonstrating a significant increase in convergence
rates have been obtained for conical flow problems. For the
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first time, the flow over a finned projectile has been calculated
using the PNS code with the new boundary conditions. The
implicit boundary procedure has been found to be stable and
accurate in the marching mode.
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